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condition is thought to be brought about by the unusual results of
lag mode eigenvalues at layer angles of —10 to —30 deg.

Concluding Remarks

In this work, the effects of transverse shear on the aeroelastic anal-
ysis of a composite rotor having antisymmetric configuration have
been investigated by using the finite element method. The results
shown in this article reveal that, for this type of configuration, the
incorporation of transverse shear influenced the system on both the
frequency and damping in a dramatic manner: instabilities occurred
at several ply orientation angles. So it is vital from the analysis
that the transverse shear flexibility (considering the distribution of
shear) should be kept for the analysis of composite rotor to get more
enhanced results.
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Effects of Boundary
Conditions on Postbuckling
of Compressed, Symmetrically
Laminated Thick Plates

Erasmo Carrera* and Michele Villani®
Politecnico di Torino, 10129 Torino, Italy

L. Introduction

URRENT metal aircraft design practices allow the skin of

some structural components (e.g., fuselage, wing, and sta-
bilizer panels) to buckle at load levels below the design ultimate
loading condition. In fact, these structural elements are designed to
have a postbuckling strength; evidently a better understanding of the
postbuckling behavior of composite panels constitutes an essential
requirement toward a rational employment of their strength. Both
their ultimate loading conditions and failure characteristics must be
well understood.

Boundary conditions play a fundamental role in nonlinear analy-
sis of laminated panels as well as of metallic, isotropic ones. In fact,
buckling and postbuckling behavior is very much affected by them.
Many examples and exhaustive overviews can be found in the report
by Leissa! for buckling and in the Chia’s book? for postbuckling.
These two works discuss results related to the classical Kirchhoff’s
plate approximations classical lamination theory (CLT). The inter-
est in these subjects is also displayed by the many experimental
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research activities that were carried out in many laboratories all
over the world; as example and for literature we cite the work by
Starnes et al.> and more recently that by Chai et al.*

Usually these experiments are very expensive and the cost of a
parametric study becomes prohibitive. Laminated structures exhibit
higher transverse deformability in respect to that of metallic ones. In
fact, thickness and orthotropic ratio increasing the shear deforma-
tion cannot be neglected; further it assumes much more importance
in the large deflections field. Some aspects related to first shear de-
formation theory (FSDT) and nonlinear analysis of composite plates
were overviewed by Chia,” whereas effects related to higher order
shear deformation theory (HSDT) have been recently considered
and reviewed by Librescu and Stein® and Librescu and Chang.” Be-
cause of both the limitations of the analytical methods as those in
Refs. 1-7 and the high cost of experiments, only a limited amount
of data has been published to describe the postbuckling behavior
of composite flat panels. These data are even less when shear de-
formable plates are considered and different boundary conditions
are treated. The progress made by approximated methods of the
computational mechanics and particularly by the finite element
method (FEM) as tools to trace the nonlinear response of many
different problems has been recently pointed out by Crisfield.?
Furthermore the difficulties and/or limitations of the analytical
methods to consider different geometrical and mechanical bound-
ary conditions are easily subjugated. On the other hand FEM
formulations (especially when concern plates and shells) are very of-
ten affected by numerical deficiencies as locking. Fortunately these
weaknesses can be overcome by implementation of some strategies
as those discussed by Dvorkin and Bathe.’

The present work is a sequel to the work of Carreral®~13 directed
to investigate composite plates by FEM. It uses a shear deformable
plate finite element of Reissner—Mindlin type. Nonlinearities of von
Karmadn type are included (large rotations, large strains, and material
nonlinearities are not considered). To obtain low bandwidth of FEM
stiffnesses matrices, the simple four node plate element Q4 is em-
ployed. The numerical efficiency of this element has been reached
by application of assumed shear strain field concept discussed by
Dvorkin and Bathe® among the others. The multilayered formula-
tion of this element was proposed by Carrera in Refs. 13 and 15 and
implemented in the FEM code MATCO, which is available at Di-
partimento di Ingegneria Aeronautica e Spaziale. Elastic flat plates
subjected to static conservative loads are considered. Symmetrically
anisotropic laminated plates loaded by in-plane axial compression
are analyzed. As novelty in respect to the previous works, herein the
attention is focused to the effects of boundary conditions. In par-
ticular the effects related to stiffeners are studied and the cases of
constant distribution of the displacements at the plate loaded edges
are compared with results related to a constant distribution of the
load at the same edges.

II. Outlines of the Used Finite Element Model

Consider an elastic body subjected to static loads and under pre-
scribed boundary conditions. If the body is assumed to execute an
arbitrary set of infinitesimal virtual displacements, from the actual
configuration, the principle of virtual displacements states

W =8W €]

where 8V is the virtual variation of the strain energy and §W is
the virtual variation of the external work. Upon application of FEM
approximations, the variational equation (1) then reduces to a non-
linear set of algebraic equations that we write in the two following
equivalent forms'?:

{oUq}. {pH} =0; [Ks({ghHg} = {p} @

where {g} is the n-dimensional vector of the nodal displacements
and/or rotations, {¢} is the n-dimensional vector of the resultant
nodal forces (inner plus external forces), {p} is.the n-dimensional
vector of the nodal forces equivalent to the external loads (which is
assumed deformation independent), and [Ks] is the secant stiffness
matrix. (Brace and square brackets denote vectors and matrices, re-
spectively. We refer to the displacements formulation of the FEM.)
Equation (2) constitutes the point of departure for finite element
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calculation of geometrically nonlinear systems. In addition it is as-
sumed that the structure is subjected to a proportional loading, i.e.,
{p} = A{f}, where { f} denotes a fixed reference load vector and A
is a load-scaling factor, load parameter. A standard solution scheme
for Eq. (2) is obtained through the following straightforward appli-
cation of the Newton’s method between the initial state i and the
unknown state i + 1 (in the neighborhood of i):

{pres} = Holir KAg} + o) HAP) 3)

in which the load level is treated as a variable; the notation , _ denotes
partial derivative. Within the limits of our assumptions we have
{Ap) = AM ), {9, } = [Kr({g° D], and {@, ) } = —[1], where
[K7] is the tangent stiffness matrix, [/] is the unit matrix, {Ag} =
{g"*"} — (¢} is the incremental nodal displacement vector, AA =
A+l 3F is the incremental load factor, and {¢,s} = [Ks{g’ }1{q’} =
A {f}is the residual nodal vector of the nodal forces (unbalanced
nodal forces vector). Upon substitution of the previous notations,
the incremental Eq. (3) becomes

[K:){Ag} = {@res} + AL{f} “

Since the load level A is treated as a variable, an extra governing
equation is required and this is given by a constraint relationship of
the form c¢({Aq}, AA). This constraint equation is method depen-
dent: several forms of the constraint equation have been proposed
by the FEM literature. In the numerical investigation we refer to
the modified form of the arc-length-type constraint proposed by
Carrera.!? In numerical investigations we refer to the plate element
detailed described in Refs. 10 and 13 to which the interested read-
ers are addressed for more details and explicit expression of the
introduced matrices. And its concise description follows.

To take into account the effects of the transverse shear defor-
mation, the displacements field is assumed to be of the following
Reissner-Mindlin form:

u(x,y,2) = u(x, y) + 2, (x, y) -
v, y,2) =00, ») + 26, (6, y); wlx, y,2) = w(x, )
in which x, y, and z denote the coordinates of a triorthogonal
Cartesian reference system (see subsequent Fig. 9); u, v, and w de-
note the displacements of a generic point along the directions x, y,
and z, respectively; 10, v0, and w® are the displacement components
of a point on the reference surface €2 of the plate; ¢, and ¢, denote
the rotations of the normal to the reference surface in the planes x—z
and y-z, respectively, in which the rotations due both to bending
deflections (w, , w,y) and to shear deformations are included. The
displacements field of Eq. (5) permits us to refer to isoparametric
formulation. According to this formulation the unknown functions
in the domain Q2 of the element can be written as the coordinates, in
the following form:

@, %, w°, ¢, $y) = (N} {q} (6)

where {N} denotes the vector of N,, components (N, is the number
of the nodes whereas the superscript T denotes transposition) which
are the shape functions.

We consider a multilayered plate of constant thickness 4, con-
sisting of a finite number N; of thin layers of orthotropic material
and uniform thickness perfectly bonded together. The principal axes
of elasticity of any individual layer are assumed to be parallel with
the laminate axes. The material properties and the thickness of each
layer may be entirely different. As usual by neglecting the normal
stresses o, the constitutive relations for any individual & layer in
matrix form hold: {o} = [Q1{¢}. The following nonlinear strain-
displacement relations of von Kdrman type have been used:

2

1 . — 1 2
€xx = U,y T3W, 55 €yy = U,y +§w,y

€xy = U,y +U,; +W, 5 W,y ; €xz = Uyz TW,x N

€xz = U,y W,y

Because its low bandwidth, we have restricted the descriptions to a
particular case of the Q4 finite element. Large literature has shown
that numerical tricks such as reduction or selective integration of
the stiffness matrix are not sufficient to improve the performances
of 04 element. Patch tests have revealed that in large displacements
analyses, although reduced integration often causes zero determi-
nant of these matrices, the selective case could lead to solutions
oscillating around the equilibrium path. To establish numerical ef-
ficiency, the assumed shear strain concept was applied in Ref. 13
to the multilayered plate formulation presented earlier. Based on a
mixed interpolation of the tensorial components the method differ-
ently treats the shear contribution to the stiffness matrix in respect
to those coming from bending and in-plane deformations. The shear
stiffness is not computed at the nodes but in correspondence to four
sample points M, N, P, and Q (see the sketch inside Fig. 1) accord-
ing to the following interpolations of the shear strains field:

& = 3(1+mef, + 31— el

8
& =30+ e+ 101 - el ®

in which & and » denote the natural coordinate on 2. The theoretical
fundamentals of such approximation in relation to mixed concepts
are discussed in many published papers; see Dvorkin and Bathe,’
for example. '

III. Results and Discussion

Simply supported (S), clamped (C), and free edges (F) are consid-
ered as in the following description: SFSF: x = 0, a ~» free edge;
y=0,b~w=0;888S:x=0a~w=0,y=0b~ w=0;
CSCS:x=0,a~w=0;y=0b~ w=4¢, =0,CCCC: x =
0,a ~w=4¢,, =0,y =0b~ w=¢,, = 0. Analyses have
been performed for a cross-ply symmetrically laminate [LAM1:
(0/90)symm]. By the use of the standard symbols along the or-
thotropic directions / and ¢ the mechanical properties are E; =
40, FE, = 1,G, = 0.5,G,, = 0.2, and v = 0.25. We refer
to consistent unit in all of the investigations. Imperfections are
simulated by application of transverse disturb loads as a constant
distribution of pressurep3;. The superscript * denotes components
of the reference load vector { f} so that, according to Eq. (3), the
effective loads are Ny, = ANy, and p§. = Apg; Ny, denotes the in-
plane applied loading, i.e., compression along the y direction. This
value corresponds to the resultant force that is uniformly distributed
at nodes along the loaded edges of the plate. The value N7, = —30
is considered in all of the analyses; a, b, and /& are the geomet-
ric plate dimensions along the x, y, and z directions, respectively.
Furthermore, always square plate are analyzed and to highlight the
effects of shear deformations all of the results refer to thick plates:
a = b = 140 and & = 10. Additional data of the treated problems
are quoted in the captions of the figures. Results related to CLT as-
sumptions have been obtained by application of a penalty technique
to the shear correction factor: the value ¥ = 1000 will be used in
the subsequent investigations. Lines and dashed lines are used to
indicate FSDT and CLT solutions, respectively. All of the results in
the figures take the form of load parameter A vs transverse displace-
ment at the plate center W,.. For our purpose and also because large
rotations are not considered herein, values of W, lower than 3% are
investigated. We make note that W, is not always coincident with
the maximum normal deflection of the plates (in fact, the location
of the maximum transverse deflection depends on both mechanical
properties and boundary conditions). The FSDT results are referred
to the value x = 5/6 of the shear correction factor. To compare
results related to the same level of FEM accuracy, always full plates
are analyzed even in those cases in which a quarter of plate should
be enough. In the end we remark that all of the investigations have
been performed on a PC 486 and to trace each curve has requested
some CPU minutes. Assessment of the model herein used has been
presented in the already cited authors’ works. We refer to a regular
mesh with 14 x 14 Q4 elements.

Figure 1 compares the postbuckling responses of the described
laminated plates. Results are plotted and the four different boundary
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Fig.1 Influence of boundary conditions for orthotropic plates; LAMI1,
FSDT and CLT solutions.

conditions are considered. For buckling and postbuckling re-
sponses we confirm the well-known results from both buckling!
and postbuckling® analyses: W, increasing the equilibrium states
depends on both lamination schemes and boundary conditions;
transverse shear deformations are very much subordinate to bound-
ary conditions. We underline that compressive loads have been ap-
plied by a constant distribution at the two loaded edges. These loads
uniformly increase by A parameter as stated in Sec. II. Some buckled
modes for the several equilibrium points are also depicted inside
Fig. 1. It is to be pointed out that, for the case of SFSF boundary
conditions, i.e., beam case is simulated, the von Kédrman nonlin-
ear model, in conjunction with the used Q4 linear element, shows
some limitations in the large deflection field (see also Fig. 4). This
fact is well known in the literature; see Ref. 8. We notice that be-
ing Q4 an element that has linear interpolation then the clamped
boundary conditions are not evident in the plotted shapes. Besides,
as found in Ref. 16 (where exact solutions for buckling and vibra-
tion of panels are considered) and Ref. 14 (where postbuckling is
studied), the deformation modes could be different between FSDT
and CLT analyses. The term W, increasing the plates tends toward a
not constant distribution of the in-plane displacements at the edges.
Because of edges effects and in correspondence to the edges cen-
ter (x = a/2; y = 0, b) the used model leads to greater values of
in-plane displacements v in respect to those in the neighborhood of
x == 0, a. Such a behavior already observed in Refs. 10 and 15 is
not completely realistic. In practice, aerospace constructions, e.g.,
wing or fuselage panels, are usually bounded by stiffeners along their
edges. The stiffness of the stiffeners cannot be neglected, especially
for panels bounded by longerons. Further stiffeners usually bound
panels along their two sides. That is, in the postbuckling range stiff-
eners constrain the plates edges to maintain a constant displacements
distribution rather than a uniform loads distribution. A more realis-
tic modeling of the edges constraint is discussed in the subsequent
analyses.

First, one remarks that in the linear analyses or in the buckling of
plates (classical bifurcation analysis of Euler type), the distribution
of the load along the plate edges that leads to a constant distri-
bution of the correspondent in-plane displacements is necessarily
assumed load level independent. In fact, in a classical eigenvalues
analysis this distribution increases by means of a load factor until
a bifurcation point has been reached. In the analyses in Fig. 1 we
have done the same; in fact, in our FEM formulation the loads in-
crease by means of the load parameter A. But in the large deflections
range, the loads distribution necessary to maintain a uniform distri-
bution of the edge displacements should be load level dependent.
To consider effects related to the stiffeners, one adds to the FEM
mesh (as done in Ref. 15), and in correspondence to the loaded
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Fig.2 Influence of the ratio ES/E on the behavior of an SSSS plate
with LAM1 layup; FSDT and CLT solutions.

edges, two rows of 04 plate elements (which could have different
Young modulus E® values in respect to the reference E; value of
the plate); see the sketches in Fig. 2. The stiffeners have been sim-
ulated by isotropic plates. By varying ES/E] the model should be
able to enforce a constant distribution of the displacements along
the loaded edges. We make note that with ES increasing then the
applied loading N, could be simulated by application of the re-
sultant value N, directly at the plate edge centers. Three different
boundary conditions have been investigated and three very differ-
ent behaviors have been discovered. Figure 2 considers the case of
simply supported. The different curves show that both prebuckling
and buckling responses are affected by ES/ E[ ratio. But deflections
increasing the differences among the several curves tragically grow
up.

In addition we observe that E5/EF increasing the postbuckling of
simply supported plate tends toward CSCS plate for both CLT and
FSDT cases (see Fig. 1). In fact, with stiffeners’ stiffness increasing,
then the rotations at the loaded edges are enforced to be zero in our
finite element model; i.e., the simply supported constraint tends to
coincide to the clamped one. This fact becomes more evident by
looking at the shapes quoted inside Fig. 2, where some FSDT buck-
led and postbuckled equilibrium states are drawn. Besides ES/E[
increasing, the constant distribution of v displacements at the loaded
edges becomes evident. We can conclude that in the case of sim-
ply supported edges the difference of the postbuckling behavior in
respect to the analysis done at Fig. 1 should be charged of the follow-
ing reasons: 1) the stiffeners constrain the edges to have a constant
distribution of the displacements v; and 2) the stiffeners constrain
the edge rotations to be very small so that the simply supported
constraint cannot be simulated in both prebuckling and postbuck-
ling range. Because of 1, Fig. 2 doesn’t lead exactly to the CSCS
results at Fig. 1. On the other hand, the case ES/EF = 0.001 in
Fig. 2 exactly coincides with the SSSS case in Fig. 1. Same analyses
have been conducted at Fig. 3, where clamped plates are considered.
The same conclusions of the previous analysis can be extended to
these cases with the following differences: given that the plates are
already clamped, the stiffeners only provide constant distributions
of displacements along the loaded edges. In this case the prebuck-
ling and buckling solutions are not affected by E*/E[ ratio. In fact,
as recalled at the beginning of this subsection, given that the buck-
ling loads correspond to a bifurcation from the undeformed state,
then it cannot lead to different results when constant distributions of
displacements or loads are considered at the loaded edges. Figure 3
shows that the postbuckling range could be tremendously differ-
ent. Results related to the third investigated case are considered in
Fig. 4, which compares stiffeners effects for plates simply supported
at the loaded edges and free at the two others. Given that the loaded
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Fig.3 Influence of the ratio ES/ Ef’ on the behavior of a CCCC plate
with LAM1 layup; FSDT and CLT solutions.
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Fig. 4 Influence of the ratio ES /Ef on the behavior of an SFSF plate
with LAM1 layup; FSDT and CLT solutions.

edges are simply supported, then the conclusions reached at Fig. 2
can be redrawn. In fact, the shapes plotted inside Fig. 4 show that
with ES/EF increasing the simply supported edges tend toward
the clamped one. Different behavior in respect to the two previous
analyses has been found in the postbuckling range. Because of the
free edges, in this third case reason 2 becomes weaker in respect to
the other two cases, and the relative differences among the several
curves at Fig. 4 become nearly constant in the postbuckling range.
We can conclude that postbuckling range is very much affected by
stiffeners’ stiffness; besides it tremendously depends on the consid-
ered boundary conditions. In fact, very different behavior has been
found by comparing results from Figs. 1 to 4. We notice that it is
not obvious to establish which one of the two extreme investigated
simulations is the most realistic: the geometrical one, i.e., constant
distribution of displacements along the edge, or the mechanical one,
i.e., constant distribution of the compressive loads. Very probably
the effective one is in between. But we can certainly conclude that
in the nonlinear field much more care must be given to the man-
ner in which boundary conditions are simulated. Besides stiffeners
could improve very much the postbuckling strength of composite

flat panels. In the end we point out that our model used to simulate
stiffeners also enforces constraint of other components of the dis-
placements (« and ¢, ) at the plates’ loaded edges. Furthermore, stiff-
eners should be introduced also in correspondence to the not loaded
edges.

From the analyses conducted we make the following remarks.

1) The finite element method is a very versatile tool to sim-
ulate the response of different boundary conditions of flat pan-
els. Furthermore, it easily permits the simulation of stiffeners
effects.

2) The importance of both postbuckling analyses and shear de-
formation effects have been confirmed in thick plates studies.

3) In respect to prebuckling and buckling analyses, much more
care should be taken to simulate constraints at the loaded plate
edges. In fact, very different postbuckling results can be obtained
when constant distributions of in-plane displacements and in-plane
compressive loadings are imposed at these edges. Moreover, to
accurately predict the stress-strain fields in the nonlinear range,
HSDT effects should be included in the formulations. But to this
purpose, first the possibility of developing a computationally ro-
bust finite element, including HSDT effects, should be investigated.
Further, very useful conclusions could be reached by considering
different loading conditions. These could be subjects for future
work.
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